Abstract-This letter studies the diversity advantage of single and multiuser systems utilizing multiple-input multiple-output (MIMO) antennas for known channels at the transmitter and receiver(s) by investigating the overall distribution of the resulting channel. For the single-user case, the resultant channel is taken as the largest singular value of the MIMO channel whereas for the multiuser scenario, the resultant channel is obtained by a recently proposed joint-channel diagonalization. The channel distribution is studied using hypothesis testing with the null hypothesis that the distribution follows a Nakagamidistribution with given parameters. It is concluded from the chi-square goodness-of-fit test that the distribution of the resultant channel for single or multiuser MIMO channel is well matched with a Nakagamidistribution.
I. INTRODUCTION
T O PROFIT from the ever-growing demand for highquality high-data-rate wireless communications, powerand-spectral efficient techniques are sought. Utilizing multiple antennas at both transmitter and receiver [known as multiple-input multiple-output (MIMO) antenna] is definitely one of the most outstanding candidates. In recent years, many advanced MIMO antenna systems have been demonstrated to provide excellent performance for both single [1] - [4] and multiuser [5] , [6] - [8] communications.
In [1] and [2] , space-time coding or Bell-Labs layered spacetime (BLAST), which does not require prior channel information at the transmitter, was studied. To exploit the full diversity of MIMO antennas, it is, however, advantageous for the transmitter to have prior knowledge of the channel. In [3] and [4] , adaptation of antenna weights based on singular value decomposition (SVD) of known random channels was proposed.
Utilizing multiple antennas at the transmitter and all mobile receivers (downlink multiuser MIMO) for performance enhancement has also been considered (e.g., [4] - [8] ). In [6] and [7] , signal-to-interference plus noise ratio (SINR) enhancement using multielement transmit antenna array was proposed while later in [5] , an algorithm was devised for decomposing multiuser MIMO channel matrices into multiple uncoupled single-user systems [i.e., orthogonal space division multiplexing (OSDM)]. More recently, Choi and Murch [8] Manuscript presented a null space projection method as a transmit preprocessing to decouple multiuser signals.
Motivated by the success of MIMO antenna systems, the focus of this letter is to study the diversity advantage using MIMO antennas by determining the probability density function (PDF) of the resultant channel for single and multiuser MIMO communications, through which the statistical characteristics of general MIMO systems can be completely described. For the single-user case, the resultant channel is taken as the largest singular value of the MIMO channel whereas for multiuser scenario, the resultant channel is obtained by the joint-channel diagonalization (JCD) of the multiuser MIMO channels [5] . For convenience, our consideration of multiuser MIMO will be limited to an -element base station (BS) communicating with mobile stations (MS) each with two antenna elements.
The letter is organized as follows. In Section II, we review the single-user single-input multiple-output (SIMO) and MIMO systems. Section III presents the OSDM solution we use on multiuser MIMO channels. In Section IV, simulation setup and results are presented. We conclude this letter in Section V.
II. SINGLE-USER SIMO AND MIMO SYSTEMS

A. SIMO With Maximal Ratio Combining Diversity
For a single-user SIMO system where antennas are located at the receiver, the equivalent baseband received signal can be conveniently expressed in vector form as (1) where with denoting the received signal at the th antenna and the superscript denoting the transpose operation. Vectors and are defined similarly and they represent, respectively, the complex fading coefficients of the radio channel and the zero-mean complex additive white Gaussian noise (CAWGN) with variance of per dimension. Likewise, the scalar denotes the complex modulated symbol.
Optimal reception can be achieved by maximal ratio combining (MRC) so that the array output signal is where the superscript denotes the conjugate transposition.
Denoting the resultant channel coefficient after MRC as , it is well known [9] - [11] that an -branch MRC (with uncorrelated fading) provides an -fold diversity in terms of both receiving power (i.e., the channel gain) (2) 1536-1276/04$20.00 © 2004 IEEE and the inverse of the normalized variance of the squared channel gain (i.e., the diversity order [11] ) (3) In other words, for an -branch MRC, and where and are the diversity statistics of a single-user system without antenna diversity. When , channel becomes CAWGN.
Given that the fading coefficients are zero-mean complex Gaussian distributed, the PDF of has been found to be a Nakagami-distribution [9] - [11] and is given by [12] (4) where and are defined in (2) and (3), respectively, and denotes the gamma function.
B. MIMO With SVD Diversity
When
antennas are employed at the transmitter side, the symbol before transmission will be multiplied by a complex transmit weight vector . The signal at each receive antenna is a noisy superposition of the transmitted signals perturbed by fading. This can be written as (5) where is the MIMO channel matrix. To detect the signal, an array output signal (similar to the case for SIMO system) is produced by where is the receive antenna vector. As found in [4] , SVD can be used as the optimal antenna processing. Therefore, the transmit and receive weight vectors can be chosen, respectively, as the right and left singular vectors which correspond to the largest singular value of . The resulting system is then reduced to a single-input single-output (SISO) system with resultant channel determined by the channel largest singular value, . Hence, the resultant channel coefficient for a single-user MIMO with SVD diversity is . In [4] and [13] , it was found that for a system, the PDF of is given by for (6) However, the PDF expression for other values of or is unavailable. Inspired by the idea of Nakagami-distribution for SIMO systems, we would like to re-express (6) in the form of Nakagami-distribution. In this case, when , it can be shown that . Substituting these values into (4), we obtain the following PDF: for
Though (6) and (7) look very different, they are, in fact, extremely close with inappreciable difference (see Fig. 1 ). The idea to express the PDF of using (4) provides an easy way for the procurement of the PDF of for larger values of or since the PDF can then be completely determined by the two statistics, and . The details will be discussed in the simulation section (see Section IV). 
III. MULTIUSER MIMO WITH JCD DIVERSITY
Consider a multiuser system where an -element BS communicates simultaneously with 2-element mobile receivers. Using the system model (5), as described in Section II-B, we can write the multiuser MIMO system as [5] , [7] (8)
where is the noise vector, denotes the symbols (with time index omitted) transmitted from the th user, is the antenna weight vector for transmitting the th user signal, is the channel matrix from the BS to the th MS, and is the antenna weight vector for signal reception by the th user.
In dealing with multiuser communications, it is advantageous to handle with users in an orthogonal manner, as in conventional systems such as time, frequency or code division multiplexing (T/F/CDM). Through joint adaptation of the multiple antennas at the BS and MS, the idea has been extended in spatial domain [5] .
In this letter, we shall adopt the iterative algorithm proposed in [5] . Since the multiuser MIMO system using JCD can be reduced to multiple uncoupled single-user systems, the overall system performance will then be solely determined by the statistics of the resultant channel . To see if Nakagami-distribution can be used to represent the PDF of the resultant channel coefficient, , in multiuser MIMO systems, simulations were carried out and results in Fig. 2 indicate that the PDF of for a five-user MIMO antenna system is well matched to a Nakagami distribution with
. A more rigorous analysis using Chi-square goodness-of-fit test will be discussed in the following section.
IV. SIMULATION SETUP AND RESULTS
In this section, we shall provide the simulation results of channel gain and diversity order for various configurations followed by a Chi-square goodness-of-fit test. Perfect channel state information is assumed and known to both the transmitter and receiver so that SVD or JCD can be performed. The radio channel is assumed to be in flat Rayleigh fading and the channels among transmit and receive antenna pairs are independent and identically distributed. For each simulation, 10 10 independent channel realizations are simulated and for each channel realization, the resultant channel gain(s), or , is (are) computed.
A. Diversity Analysis
We measure the diversity advantage of a system in terms of and [defined earlier in (2) and (3)] relative to a system without diversity. The benchmark system without diversity we use is a single-user system with a single transmit and receive antenna, where the diversity statistics . Results in Table I provide the values of and for single-user MIMO systems with various number of transmit and receive antennas. For any given number of transmit (or receive) antennas, the diversity statistics grow up linearly as the number of receive (or transmit) antennas. Therefore, we can use the following multiple linear regression model: (9) where , and are the regression coefficients, , and for , and . The regression coefficients are determined using least-squares criterion such that the sum of squared deviations between the observations and the regression surface is minimized. After solving this from our results, can be conveniently approximated by (10) with the sum of squared error equals 0.1344. Similarly, we have also with the sum of squared deviations equals 0.1049. Note from these equations that the number of receive antennas plays a more important role on diversity gain than the number of transmit antennas . This comes to a similar conclusion as in [14] that a SIMO antenna system will always outperform a MISO (multiple transmit antennas and a single receive antenna) antenna system with fixed numbers of total antenna elements. For example, as we can see in Table I , obtains higher diversity advantages compared to , which is also better than a system. Similar results for multiuser MIMO using JCD diversity are provided in Table II. and denote, respectively, the channel gain and diversity order of the resultant channel for user . Results in Table II reveal that for a two-user MIMO system, it has about 2.4 diversity gain of receiving power and 2.6 diversity gain for reducing the effect of fading , compared with a single-user system without diversity. It is important to note that the diversity orders obtained can be more than the number of receive antennas at the MS, meaning that in addition to support of multiple users, the transmit antennas at the BS can provide diversity to the MS's. More diversity can be achieved for a larger value of . Generally speaking, both and will increase as the number of transmit antennas increases even the number of users increases correspondingly.
It should also be noted that for a particular , all users perform similarly and have nearly the same diversity statistics (i.e., and ). This agrees with the fact that, on average, all users are processed in the same way. Thus, to describe the diversity performances of the system, we use (12) and (13) as the diversity statistics of a -user MIMO system using JCD diversity. The results for and against the number of users are illustrated in Fig. 3 . Results in this figure indicate that the diversity advantages for both and grow almost linearly with and the gain does not seem to diminish as keeps increasing. Results demonstrate that about 0.4844 0.5 diversity gain for and 0.3074 0.3 diversity gain for can be benefited for all users from every additional accommodated user. This can be explained by recognizing that in support of additional users via space, JCD gains additional diversity by better use of multiple channels with increased degrees of freedom. Similar to single-user MIMO systems, we can also have approximate formulas for computing the diversity order and channel gain of multiuser MIMO systems. The formulas are given by (14) and (15) However, it should be noted that they are only useful for a system with -element transmit antennas to communicate with simultaneous users, each with two antenna elements. 
B. Chi-Square Goodness-of-Fit Test
In Fig. 2 , we have seen that the histogram of simulated multiuser MIMO channels matches very well with the Nakagamidistribution with the same and . To demonstrate this more rigorously, we use the Chi-square goodness-of-fit test to check if the resultant channel coefficient for single or multiuser MIMO system is Nakagami-distributed, under significance level of 1%.
To perform the test, we first calculate and from the data according to (2) and (3) and the following hypothesis is set up: follow a Nakagami distribution with do not follow the given distribution Then, the data ( samples of ) are divided into ten bins and the test statistic is computed as (16) where is the observed number of outcomes and is the expected number of outcomes that fall in the th interval. The expected frequency is calculated by (17) where is the upper limit for class is the lower limit for class , and is the cumulative distribution function (CDF) for the distribution, which is now given by [12] (18) where is the incomplete Gamma function. The test statistic, in principle, follows a Chi-square distribution with seven degrees of freedoms [15] . Let be the Chi-square percent point function where is the degrees of freedom and is the significance level. In our case, and we have set %. Therefore,
. If , then we accept ; otherwise is rejected. The test statistics were calculated and listed in Tables I and  II . The numbers marked with the superscript indicate that the null hypothesis is accepted. Results in Table I show that 11 out of 15 configurations accept the null hypothesis. Similarly for multiuser channels, it is illustrated in Table II that 38 out of 44 configurations accept the null hypothesis. As a result, we can conclude that the PDF of single and multiuser MIMO channels can be well expressed (or approximated) as a Nakagami-distribution (4) with the diversity statistics that can be estimated by (10) and (11) for single-user MIMO or (14) and (15) for multiuser MIMO channels.
In Figs. 4 and 5, the PDFs of the simulated channels are compared to the PDF's of Nakagami-distribution with the same diversity statistics of the simulated channels. Results in Fig. 4 are provided for single-user MIMO channels using SVD diversity. As we can see, the PDFs of the simulated channels almost overlap with the PDFs of the Nakagami-distribution. The same is also true for multiuser MIMO channels concluded by the results in Fig. 5 .
V. CONCLUSION
It is well understood that if prior channel knowledge is available at the transmitter, SVD or more generally JCD can be used to improve the system capacity and performance using MIMO channels. The focus of this letter is to quantify the diversity advantages achievable by the antennas and to investigate the overall distribution of the resultant channel of MIMO systems. Through Monte Carlo simulations, we end up with formulas to generally describe the channel gain and diversity order of single and multiuser MIMO systems. We have also concluded by Chisquare goodness-of-fit test that the distribution of the resultant channel gain can be well approximated by a Nakagami-distribution with corresponding and for single and multiuser MIMO antenna systems.
